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ON THE INTEGRAL CHARACTERIZATION OF SOME GENERALIZED QUASIREGULAR
MAPPINGS AND THE SIGNIFICANCE OF THE CONDITIONS OF DIVERGENCE OF
INTEGRALS IN THE GEOMETRIC THEORY OF FUNCTIONS
E. A. Sevost’yanov UDC 517.5
The paper deals with the theory of space mappings. For a generalization of quasiregular mappings im-
portant for the investigation of the Sobolev and other known classes of mappings, we propose a simple
condition satisfied by all mappings of this kind and only by these mappings. On the basis of conditions
of divergence of the integrals, we establish sufficient conditions for the normality of the families of the
analyzed classes of mappings and solve the problem of removing isolated singularities. Some applications
of the obtained results to mappings from the Sobolev class are discussed.
1. Introduction
The so-called modules of the families of curves (see, e.g., [1]), i.e., real-valued characteristics of distortion of
the families of curves under mappings playing the role of outer measure on the families of curves in Rn; n  2; are
of great importance for the geometric theory of functions. Various classes of space mappings, e.g., conformal and
quasiconformal mappings, mappings with bounded (finite) distortions, etc., can be defined by using the modules.
On the basis of the same modular relations as for the indicated classes, it is possible to solve some important
problems, in particular, the problem of normality of the families of space mappings, the problem of removing
singularities (the existence of the limit at a point), etc. In the present paper, significant attention is given to a certain
class of mappings including numerous types of mappings studied earlier and defined by a certain relation with the
help of the above-mentioned modules. The problems solved in the present paper give an additional confirmation
of the importance of modules for the geometric theory of functions. In the last section, we present examples of
applications of the obtained results to the Sobolev classes which, in our opinion, is also quite important.
It is known that the geometric definition of quasiconformal mappings and mappings with bounded distortion
acting in the domain D from Rn; n  2; is based on the condition
M.f /  KM./ (1)
for any family  of curves  in the domain D; where M is a conformal module of curves (an outer measure
defined on the families of curves in Rn/ and K  1 is a constant (see, e.g., [1–3]). In other words, the module
of any family of curves is distorted by at most a factor of K: In terms of capacities, relation .1/ means that the
mapping f distorts the capacity of any condenser in D by at most a factor of K: Now let the definition of the
analyzed class of mappings be based [instead of relation .1/ ] on the inequality
M.f / 
Z
D
Q.x/n.x/ dm.x/ ; (2)
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where m.x/ is the Lebesgue measure in Rn;  is an arbitrary nonnegative Borel function such that the length
of any curve  from the family  is not smaller than 1 in the metric  [see (3)], and QWD ! Œ1;1 is a
real-valued function (see, e.g., [4]). The idea of investigation of relation (2) can be traced back to Gutlyanskii [5]
who studied a similar inequality for a special class of mappings.
We also mention the monograph by Miklyukov [6] who studied similar classes on the surfaces and Strugov’s
paper [7] dealing with the investigation of modular estimates for the homeomorphisms f 2 ACLn and f  1 2
ACLn: In [8], Ryazanov proposed to study mappings with finite distortion of length and showed, together with
Martio, Srebro, and Yakubov, that mappings from this class satisfy estimate (2) with Q.x/ D KI .x; f /; where
KI .x; f / is a so-called interior dilatation of f: One can also present many other examples of estimates of the
form (2) valid for numerous well-known classes of mappings and, in particular, for mappings with finite distortion
[9]. It should be emphasized that relation (2) characterizes a fairly broad subset of mappings of the Sobolev class
(see the last section).
Note that the results discussed in the present section are based solely on the intuition of a reader, and rigorous
definitions are omitted. In the case where Q.x/  K almost everywhere in (2), we also arrive at inequality .1/:
In this case, the homeomorphisms satisfying relation (2) for Q.x/  1 are conformal mappings and, vice versa,
every conformal mapping satisfies relation (2) with Q.x/  1 (see [1]). In what follows, we consider the case
of, generally speaking, unbounded Q and study the classes of space mappings that do not coincide with the class
of conformal (quasiconformal) mappings. In a more general case, we can assume that not all curves of the family
 are distorted by (2) but only “certain” curves. In the present paper, we mainly consider the families of curves
connecting the concentric spheres centered at a fixed point of a given domain, which is sufficient for the purposes
of our investigations.
Numerous well-known mathematicians (leading experts in the geometric theory of functions) considered the
conditions similar to the conditions of divergence of the integral
Z
dr
rK.r/
; where K.r/ is a certain function, for
the solution of various problems (see, e.g., Theorem 2 in [10], where the problem of existence of the limit at a
point is investigated, the theorem in [11], where the problem of global homeomorphism of the space is solved, and
[12], where the existence of the solution of the Beltrami-type equation is analyzed). In the present paper, we also
consider the conditions of divergence of integrals of this type. Furthermore, these conditions are analyzed for the
classes generalizing the mappings with bounded distortion mentioned above.
In the present paper, we consider the following problems:
1. To establish a criterion guaranteeing that an open discrete mapping satisfies a relation of the form (2) but
without “admissible” functions  in the definition. In our opinion, this criterion is very useful because,
generally speaking, relation (2) should be checked for infinitely many functions of this type. The solution
of this problem was found in [13] (see Theorem 2.1) but only for homeomorphisms. In the present work,
we consider the case of open discrete mappings (branching points are possible).
2. To demonstrate the efficiency of the condition of divergence of a certain integral for the solution of various
problems posed for the classes of mappings satisfying estimate (2). In the present work, we study two
problems, namely, determine the conditions of existence of the limit of a mapping at a point and establish
the conditions under which the family of mappings satisfying (2) everywhere in a fixed domain is normal.
3. To show possible applications of the obtained results to the case of Sobolev classes.
2. Definitions and Preliminary Remarks
In what follows, D is always defined as a domain in Rn; n  2: The notation f WD ! Rn means that
the corresponding mapping f is continuous. At the same time, the notation G b D means that G is a compact
subset of the domain D: A mapping f WD ! Rn is called discrete if the preimage f  1 .y/ of any point y 2 Rn
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is formed by isolated points and open if the image of any open set U  D is an open set in Rn: We say that f
preserves orientation if the topological index .y; f;G/ > 0 for any domain G b D and any y 2 f .G/nf .@G/:
For f WD ! Rn; a set E  D; and y 2 Rn; a multiplicity function N.y; f;E/ is defined as the number of
preimages of the point y in the set E; i.e.,
N.y; f;E/ D card fx 2 EWf .x/ D yg:
Assume that f WD ! Rn is an arbitrary mapping and there exist a domain G b D such that G \
f  1.f .x// D fxg: Then the quantity  .f .x/; f;G/ is called a local topological index. It is denoted by i.x; f /
and independent of the choice of the domain G: The definitions of openness, discreteness, dimensionality zero,
preservation of orientation, etc. presented above are naturally generalized to the mappings f WD ! Rn; where
Rn D Rn [ f1g is a one-point compactification of Rn: In what follows,
B.x0; r/ D fx 2 RnW jx   x0j < rg ; B.r/ D fx 2 RnW jxj < rg ; Bn D fx 2 RnW jxj < 1g ;
S.x0; r/ D fx 2 RnW jx   x0j D rg; A.r1; r2; x0/ D fx 2 RnW r1 < jx   x0j < r2g;
m.x/ is the Lebesgue measure in Rn; and jAj is the Lebesgue measure of a set A  Rn in Rn:
Let QWD ! Œ0;1 be a Lebesgue-measurable function. Then qx0.r/ is the mean integral value of Q.x/
over the sphere jx x0j D r; !n 1 is the area of the unit sphere in Rn; and dist.A;B/ is the Euclidean distance
between the sets A;B  Rn: The Borel function WRn ! Œ0;1 is called admissible for a family  of curves
 in Rn if Z

.x/ jdxj  1 (3)
for all curves  2 : In this case, we write  2 adm:
The module of the family of curves  is defined as follows:
M./ D inf
2adm
Z
D
n.x/ dm.x/:
Let E; F  Rn be arbitrary sets. By .E; F;D/ we denote the family of all curves  W Œa; b ! Rn
connecting E with F in D; i.e., .a/ 2 E; .b/ 2 F; and .t/ 2 D for t 2 .a; b/: We say that a family of
curves 1 is minorized by a family 2 (and write 1 > 2/ if, for any curve  2 1; there exists a subcurve
from the family 2: In this case, M.1/  M.2/ (see Theorem 6.4 in [1]). The notion presented below is
motivated by one of the most important definitions of quasiconformality (see [14]).
Let r0 D dist.x0; @D/; let QWD ! Œ0;1 be a Lebesgue-measurable function, and let Si D S.x0; ri /: We
say that f WD ! Rn is a ring Q-mapping at a point x0 2 D if the relation
M
 
f ..S1; S2; A//
  Z
A
Q.x/  n jx   x0j dm.x/ (4)
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holds for any ring A D A.r1; r2; x0/; 0 < r1 < r2 < r0; and any measurable function W .r1; r2/! Œ0;1 such
that
r2Z
r1
.r/ dr  1: (5)
Note that relation (5) generalizes the notion of admissibility (3). A mapping f is called a ring Q-mapping in
D if it is a ring Q-mapping at any point of the domain D:
The investigation of ring Q-mappings is not only connected with extensive applications to various classes
of mappings and, in particular, to the Sobolev classes (see the last section of the present paper) but is also of
independent interest because relations of the form (4) are true for the solutions of the Beltrami-type equations with
very important applications in science and engineering (see, e.g., [15, 16]).
If f is a homeomorphism and Q.x/  c 2 Œ1;1/; then the definition of a ring Q-homeomorphism gives a
definition of quasiconformal mappings [14] because, in this case, Q can be moved outside the integral in (4), and
the module appears on the right-hand side of (4). Similarly, we say that a mapping f WDnfx0g ! Rn is a ring Q-
mapping at a point x0 2 D if relation (4) is true. Generally speaking, the mapping f can be undefined at the point
x0: Recall that an isolated point x0 of the boundary @D of the domain D is called removable for a mapping f if
the limit lim
x!x0 f .x/ exists and is finite. An isolated point x0 of the boundary @D is called an essential singular
point of the mapping f WD ! Rn if neither finite nor infinite limit exists as x ! x0: Let f WD ! Rn; let
ˇW Œa; b/ ! Rn be a curve, and let x 2 f  1.ˇ.a//: A curve ˛W Œa; c/ ! D is called the maximum elevation
of the curve ˇ under the mapping f with origin at a point x if (i) ˛.a/ D xI (ii) f ı ˛ D ˇjŒa;c/I (iii) for
c < c0  b; there are no curves ˛0W Œa; c0/! D such that ˛ D ˛0jŒa;c/ and f ı ˛0 D ˇjŒa;c0/: Let f be an open
discrete mapping and let x 2 f  1 .ˇ.a//: Then the curve ˇW Œa; b/! Rn has the maximum elevation under the
mapping f with origin at the point x (see Corollary 3.3, Chap. II in [2]).
A condenser is defined as a pair E D .A; C / ; where A is an open set in Rn and C is a compact subset of
A (see, e.g., Sec. 10, Chap. II in [2]). The capacity of a condenser E is defined as follows:
capE D cap .A; C / D inf
u2W0.E/
Z
A
jrujndm.x/;
where W0.E/ D W0 .A; C / is the family of nonnegative continuous functions uWA ! R with compact support
in A such that u.x/  1 for x 2 C and u 2 ACL: As usual,
jruj D
 
nX
iD1
.@iu/
2
!1=2
:
We say that the capacity of a compact set C in Rn; n  2 is equal to zero (and write capC D 0/ if there
exists a bounded open set A such that C  A and cap.A; C / D 0: It is known (see, e.g., Lemma 3.4, Chap. II
in [3]) that, in the last case, for any other bounded open set A in Rn containing C; we have cap.A; C / D 0:
Otherwise, we set capC > 0: Similarly, we can define a set of capacity zero in Rn (see, e.g., [2]). In what
follows, in the extended space Rn D RnSf1g; we use a spherical (chordal) metric h.x; y/ D ˇˇ.x/   .y/ˇˇ;
where  is the stereographic projection of Rn onto the sphere S

1
2
enC1;
1
2

in RnC1 :
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h.x;1/ D 1q
1C jxj2
; h.x; y/ D jx   yjq
1C jxj2
q
1C jyj2
; x ¤1 ¤ y:
Let .X; d/ and .X 0; d 0/ be metric spaces with distances d and d 0; respectively. A family F of continuous
mappings f WX ! X 0 is called normal if, in any sequence of mappings fm 2 F; one can select a subsequence
fmk locally uniformly convergent in X to a continuous function f WX ! X 0: A family F of mappings f WX !
X 0 is called equicontinuous at a point x0 2 X if, for any " > 0; there exists ı > 0 such that d 0 .f .x/; f .x0// <
" for all x with d.x; x0/ < ı and all f 2 F: We say that F is equicontinuous if F is equicontinuous at any
point from X:
Proposition 1. If .X; d/ is a separable metric space and .X 0; d 0/ is a compact metric space, then a family
F of mappings f WX ! X 0 is normal if and only if F is equicontinuous (the Arzela`–Ascoli theorem) (see, e.g.,
Theorem 20.4 in [1]).
Proposition 2. Let E D .A; C / be an arbitrary condenser in Rn and let E be a family of all curves
of the form  W Œa; b/ ! A with .a/ 2 C and j j cap .A n F / ¤ ¿ for any compact set F  A: Then
capE DM .E / (see Proposition 10.2, Chap. II in [2]).
Note that the assertion of Proposition 2 remains true for the condensers from Rn (see Remark 10.8, Chap. II
in [2]).
In other words, for a condenser E D .A; C /; the family E consists solely of the curves originating in C
and lying in A: At the same time, these curves do not completely belong to any fixed compact set in A: For the
bounded set A; these curves must “be close” to the boundary of A but should not necessarily be rectifiable and
have any limits.
Proposition 3. Suppose that E is a proper compact subset of Rn such that capE > 0: Then, for any
a > 0; there exists a positive number ı > 0 such that
cap
 
Rn nE;C   ı
where C is an arbitrary continuum in Rn nE such that h.C /  a (see, e.g., Lemma 2.6, Chap. III in [2].)
3. Main Lemma and Its Corollaries
In what follows, we use the following standard notation: a=1 D 0 for a ¤ 1; a=0 D 1 for a > 0; and
0  1 D 0 (see, e.g., [17, p. 6]).
Lemma 1. Let f WD ! Rn be an open discrete ring Q-mapping at a point x0 2 D; let E be a condenser
of the form E D

B.x0; r2/; B.x0; r1/

; 0 < r1 < r2 < dist.x0; @D/; and let
I D I.x0; r1; r2/ D
r2Z
r1
dr
rq
1=.n 1/
x0 .r/
: (6)
Then the condenser
fE D

fB.x0; r2/; f

B.x0; r1/

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is such that the inequality
capfE  !n 1
In 1 (7)
is true.
Proof. Note that the pair of sets
fE D

fB.x0; r2/; f

B.x0; r1/

is indeed a condenser because f is open and continuous in D and, hence, f

B.x0; r1/

is a compact subset
of fB.x0; r2/: Without loss of generality, we can assume that I ¤ 0 because, otherwise, it is clear that relation
(7) is true. We also suppose that I ¤ 1 because, otherwise, it is possible to replace Q.x/ in relation (7) by
Q.x/C ı with an arbitrarily small ı and then pass to the limit as ı ! 0: Let I ¤1: Then qx0.r/ ¤ 0 almost
everywhere on .r1; r2/: We set
 .t/ D
8ˆ<ˆ
:
1=Œtq
1=.n 1/
x0 .t/; t 2 .r1; r2/;
0; t … .r1; r2/:
Then Z
A
Q.x/ n.jx   x0j/dm.x/ D !n 1I; (8)
where A D A.r1; r2; x0/:
Note that the function 1.t/ D  .t/=I; t 2 .r1; r2/; satisfies the relation of the form (5) because
r2Z
r1
.t/dt D 1:
Therefore, according to relation (8) and the definition of the ring Q-mapping [see (4)], we obtain
M
 
f . .S1; S2; A//
  Z
A
Q.x/1
n.jx   x0j/dm.x/ D !n 1
In 1 ; (9)
where Si D S.x0; ri /:
Let E and fE be families of curves in a sense of the notation of Proposition 2. According to this proposi-
tion,
capfE D cap

fB .x0; r2/ ; f

B.x0; r1/

DM  fE  : (10)
Let  be a family of maximum elevations of fE with origin in B .x0; r1/: We now show that  
E : Assume the opposite, i.e., that there exists a curve ˇW Œa; b/ ! Rn from the family fE for which the
corresponding maximum elevation ˛W Œa; c/! B.x0; r2/ lies in a certain compact set K inside B.x0; r2/: Hence,
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its closure ˛ is a compact set in B.x0; r2/: Note that c ¤ b because, otherwise, ˇ is a compact set in fB.x0; r2/;
which contradicts the condition ˇ 2 fE : Further, we consider a set
G D
º
x 2 RnW x D lim
k!1
˛.tk/
»
; tk 2 Œa; c/; lim
k!1
tk D c:
Note that if we pass to subsequences, then it is possible to restrict ourselves to the monotone subsequences tk :
For x 2 G; by virtue of the continuity of f; we have f .˛.tk// ! f .x/ as k ! 1; where tk 2 Œa; c/ and
tk ! c as k !1: At the same time, f .˛.tk// D ˇ.tk/! ˇ.c/ as k !1: This enables us to conclude that
f is constant on G in B.x0; r2/: On the other hand, by the Cantor condition in a compact set ˛ (see Theorem 3.6,
Chap. I in [18]), we have
G D
1\
kD1
˛ .Œtk; c// D lim sup
k!1
˛ .Œtk; c// D lim inf
k!1
˛ .Œtk; c// ¤ ¿
in view of the monotonicity relative to a sequence of connected sets ˛ .Œtk; c// : Thus, according to Theorem 9.12,
Chap. I in [18], G is a connected set. By virtue of the discreteness of f; the set G cannot contain more than
one point, the curve ˛W Œa; c/ ! B.x0; r2/ is continued to the closed curve ˛W Œa; c ! K  B.x0; r2/; and
f .˛.c// D ˇ.c/: By virtue of Corollary 3.3, Chap. II in [2], we can construct the maximum elevation ˛0 of the
curve ˇjŒc;b/ with origin at the point ˛.c/: Combining the elevations ˛ and ˛0; we get a new elevation ˛00 of the
curve ˇ defined on Œa; c0/; c0 2 .c; b/; which contradicts the maximality of the elevation ˛: Thus,   E :
Note that fE > f  and, for sufficiently small ı > 0; we have E >  .S.x0; r2   ı/; S.x0; r1/;D/ : Hence,
by virtue of relation (9),
M
 
fE
 M  f  M .f E /
M  f . .S.x0; r1/; S.x0; r2   ı/; A.r1; r2   ı; x0///
 !n 1 Z r2 ı
r1
dt
tq
1=.n 1/
x0 .t/
!n 1 : (11)
Note that, according to our assumption, I ¤1; the function 1=t q1=.n 1/x0 .t/ is summable on .r1; r2/; and,
by virtue of the absolute continuity of the integral (see, e.g., [17]),
Z r2 ı
r1
dt
tq
1=.n 1/
x0 .t/
!
Z r2
r1
dt
tq
1=.n 1/
x0 .t/
as ı ! 0:
Thus, in view of (11), we can write
M.fE /  !n 1 Z r2
r1
dt
tq
1=.n 1/
x0 .t/
!n 1 : (12)
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Combining (12) and (10), we arrive at relation (7).
Lemma 1 is proved.
Proposition 4. Let x0 2 Rn; let 0 < r1 < r2 < dist.x0; @D/; and let
0.r/ D 1
I rq
1=.n 1/
x0 .r/
; (13)
where I is the quantity defined in (6). Then
!n 1
In 1 D
Z
A
Q.x/n0.jx   x0j/dm.x/ 
Z
A
Q.x/n.jx   x0j/dm.x/ (14)
for any measurable function QWRn ! Œ0;1 and any function W .r1; r2/! Œ0;1 such that (see Lemma 2.2 in
[13])
r2Z
r1
.r/dr D 1:
In other words, inequality (7) is, generally speaking, unimprovable for ring Q-mappings at the point x0:
By using Lemma 1 and Proposition 4, we get the following criterion showing that the analyzed mappings
belong to a class of open discrete ring mappings of the type Q:
Theorem 1. An open discrete mapping f WD ! Rn is a ring Q-mapping at a point x0 2 D if and only
if, for any 0 < r1 < r2 < dist.x0; @D/ and an arbitrary condenser E D

B.x0; r2/; B.x0; r1/

; the capacity of
condenser
fE D

fB.x0; r2/; f

B.x0; r1/

satisfies the condition
capfE  !n 1
In 1 ;
where I D I.x0; r1; r2/ is given by relation (6).
4. On the Normality of the Families of Space Mappings and Removing of Isolated Singularities
Proposition 5. Let D be a domain in Rn; n  2; let E  Rn be a compact set of positive capacity, and
let FQ be a family of open discrete ring Q-mappings f WD ! Rn nE: Suppose thatZ
"<jx x0j<"0
Q.x/ n" .jx   x0j/dm.x/ D o
 
Ln."; "0/
 8" 2 .0; "0/ (15)
for a point x0 2 D; 0 < "0 < dist.x0; @D/; where f ".t/g is a family of Lebesgue measurable functions
nonnegative on .0;1/ such that
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0 < L."; "0/ D
"0Z
"
 ".t/dt <1 8" 2 .0; "0/:
Then the family of mappings FQ is equicontinuous at the point x0 (see Lemma 5.2 in [19]).
Here and in what follows, the properties of equicontinuity, normality, etc. are understood relative to the
spherical (chordal) metric h:
Theorem 2. Let x0 2 D; let E  Rn be a compact set of positive capacity, and let FQ be a family of open
discrete ring Q-mappings f WD ! Rn nE at the point x0: Assume that there exists a number "0 < dist.x0; @D/
such that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1: (16)
Then the family FQ is equicontinuous at the point x0:
Proof. For any " 2 .0; "0/; we set
 ".t/   .t/ D
8ˆ<ˆ
:
1=Œtq
1=.n 1/
x0 .t/; t 2 ."; "0/;
0; t … ."; "0/:
Further, we have
L."; "0/ D
"0Z
"
 .t/dt <1 8" 2 .0; "0/
because, otherwise, by Theorem 1, cap

fB.x0; "0/; f B.x0; "/

D 0 for some "; which contradicts Proposi-
tion 3. In view of relation (16), we can also assume that L > 0 for all " 2 .0; "0/: We also note thatZ
"<jx x0j<"0
Q.x/ n.jx   x0j/dm.x/ D !n 1L."; "0/
and L."; "0/ D o .Ln."; "0// by virtue of (16). The required conclusion follows from Proposition 5.
Theorem 2 is proved.
Corollary 1. Let E  Rn be a compact set of positive capacity and let FQ be a family of open discrete ring
Q-mappings f WD ! Rn n E: Suppose that, for any point x0 2 D; there exists a number "0 < dist.x0; @D/
such that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1:
Then FQ forms a normal family of mappings.
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Proof. The proof directly follows from Theorem 2 and Proposition 1.
Proposition 6. Let f WBn n f0g ! Rn; n  2; be an open discrete ring Q-mapping at a point x0 D 0
satisfying the condition cap
 
Rn n f .Bn n f0g/ > 0: Assume that there exists 0 < "0 < 1 such thatZ
"<jxj<"0
Q.x/ n.jxj/ dm.x/ D o  Ln."; "0/ (17)
as "! 0; where  .t/ is a function nonnegative on .0;1/ such that  .t/ > 0 for almost all t and, in addition,
0 < L."; "0/ D
"0Z
"
 .t/dt <1
for all " 2 .0; "0/: Then f possesses a continuous extension f WBn ! Rn in Bn: In this case, continuity is
understood in a sense of the space Rn relative to the chordal metric h (see Lemma 3.1 in [20]).
Theorem 3. Let f WBn n f0g ! Rn; n  2; be an open discrete ring Q-mapping at a point x0 D 0
satisfying the condition cap
 
Rn n f .Bn n f0g/ > 0: Assume that there exists 0 < "0 < 1 such that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1:
Then f admits a continuous extension f WBn ! Rn in Bn: In this case, continuity is understood in a sense
of the space Rn relative to the chordal metric h:
Proof. The proof is based on Proposition 6 and is similar to the proof of Theorem 2.
Theorem 4. Let x0 be an isolated point of the boundary D; let f WD ! Rn be an open discrete ring
Q-mapping at the point x0 D 0; and let there exist "0 > 0 such that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1:
If x0 is an essentially singular point of the mapping f; then cap
 
Rn nf .U nfx0g/
 D 0 for any neighbor-
hood U of the point x0:
Proof. The proof of the theorem directly follows from Theorem 3.
Theorem 5. Let x0 be an isolated point of the boundary D and let f WD ! Rn be an open discrete ring
Q-mapping at the point x0: Suppose that there exists "0 > 0 such that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1:
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Then the point x0 is removable for the mapping f if and only if f is bounded in a certain vicinity U of the
point x0:
Proof. Assume that the point x0 is removable, i.e., the following limit exists
lim
x!x0 f .x/ D A <1:
Then jf .x/j  jAj C 1 in a sufficiently small neighborhood U of the point x0: Conversely, assume that there
exists a neighborhood U of the point x0 such that jf .x/j  M for some M 2 .0;1/ and all x 2 U n fx0g:
Then cap
 
Rn n f .U n fx0g/

> 0 and the assertion of the theorem follows from Theorem 3:
Theorem 6. Let x0 be an isolated point of the boundary D and let f WD ! Rn be an open discrete ring
Q-mapping at a point x0: Assume that there exists "0 > 0 such that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1:
If cap
 
Rn n f .U n fx0g/

> 0 for some neighborhood U of the point x0; then f can be continuously
extended to the open discrete ring Q-mapping f WD [ fx0g ! Rn:
Proof. Indeed, by virtue of Theorem 3, f can be extended to the continuous mapping f WD[fx0g ! Rn: It
is known that the discrete open mappings in Rn; n  2; either preserve orientation or do not preserve orientation
(see, e.g., Sec. 4, Chap. I in [2]). For definiteness, we assume that f preserves orientation. It is necessary to
show that the extended mapping also preserves orientation and is open and discrete. As usual, by Bf .D/ we
denote the set of all branching points of the mapping f in the domain D and by Bf .D0/ the set of all branching
points of the mapping f in the domain D0 D D [ fx0g: If x0 is a point of local homeomorphism of the
mapping f; then there is nothing to prove. Assume that the point x0 2 Bf .D0/: By the Chernavskii theorem,
dimBf .D/ D dimf
 
Bf .D/
  n 2 (see, e.g., Theorem 4.6, Chap. I in [2]), where dim denotes the topological
dimensionality of the set [22]. Then
dimf
 
Bf .D
0/
  n   2 (18)
because f
 
Bf .D
0/
 D f  Bf .D/S ff .x0/g; the set ff .x0/g is closed, and the topological dimensionality
of each set f
 
Bf .D/

and ff .x0/g does not exceed n   2 (see Corollary 1, Chap. III, Sec. 3 in [22]). Let G
be a domain in D0 with G b D0 and let y 2 f .G/ n f .@G/: Then, by virtue of (18), there exists a point
y0 … f
 
Bf .D
0/

from the same connected component of the set Rn n f .@G/ as y: Since the topological index
is constant for each connected component of the set Rn n f .@G/ (see Sec. 2, Chap. I in [3]), we have
.y; f;G/ D .y0; f;G/ D
X
x2G\f  1.y0/
i.x; f / > 0:
Hence, the mapping f preserves orientation in D0: Finally, for any y 2 f .D0/; in view of the discreteness of the
mapping f in the domain D; the set
¶
f  1.y/
·
is at most countable and, therefore, dim
¶
f  1.y/
· D 0: Thus,
[21, p. 333], the mapping f is open and discrete. The theorem is proved.
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Theorem 7 (analog of the Sokhotskii–Weierstrass theorem). Let x0 be an isolated point of the boundary D
and let f WD ! Rn be an open discrete ring Q-mapping at the point x0: Suppose that there exists "0 > 0 such
that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1:
If x0 is an essential singular point of the mapping f; then, for any a 2 Rn; there exists a sequence xk ! x0
as k !1 such that f .xk/! a as k !1:
Proof. Assume that the theorem is not true for some a 2 Rn: Then there exist a neighborhood U of the
point x0 and "0 > 0 such that
h .f .x/; a/  "0 8 x 2 U n fx0g :
Thus, by the triangle inequality,
d0 D h .B.a; "0=2/; f .U nfx0g//  "0=2
and, hence, cap
 
Rn nf .U nfx0g/

> 0: By Theorem 3, this implies that there exists a (finite or infinite) limit of
the mapping f at the point x0; which contradicts the assumption of the theorem.
Theorem 7 is proved.
Theorem 8. Let x0 be an isolated point of the boundary D and let f WD ! Rn be an open discrete ring
Q -mapping at the point x0: Assume that there exists "0 > 0 such that
"0Z
0
dt
tq
1=.n 1/
x0 .t/
D1:
If x0 is an essentially singular point of the mapping f; then there exists a set C  Rn of the type F in Rn
of capacity zero such that
N .y; f; U n fx0g/ D1
for any neighborhood U of the point x0 and all y 2 Rn n C:
Proof. Let U be an arbitrary neighborhood of the point x0: Without loss of generality, we can assume that
x0 D 0 and U D Bn: Further, we consider the sets Vk D B.1=k/ n f0g; k D 1; 2; : : : : Now let
C D
1[
kD1
Rn n f .Vk/: (19)
By Theorem 4, each set Bk WD Rn n f .Vk/ in the union on the right-hand side of relation (19) is a set of
capacity zero. Hence, the capacity of the set C is also equal to zero a (see, e.g., [23, p. 126]). We fix y 2 Rn n C:
Then
y 2
1\
kD1
f .Vk/: (20)
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Finally, it follows from (20) that there exists a subsequence
¶
xki
·1
iD1 such that xki ! 0 as i ! 1 and
f .xki / D y; i D 1; 2; : : : :
Theorem 8 is proved.
The next theorem shows that the condition of openness of the mapping f in Proposition 6 and Theorems 3–8
is essential and, hence, cannot be omitted.
Theorem 9. For any n  2; there exists a discrete Q-mapping gWRn n f0g ! Rn such that Q  1 and
x0 D 0 is an isolated essentially singular point. Moreover, none of the assertions of Theorems 4, 7, and 8 is true
for this mapping.
Proof. We now consider a partition of the space Rn into cubes
Ck1;:::;kn D
nY
iD1
Œ2ki   1; 2ki C 1 ; ki 2 Z:
and choose an arbitrary cube Ck1;:::;kn with k1; : : : ; kn  0 (the case of ki different signs is analyzed sim-
ilarly). Let x D .x1; : : : ; xn/ 2 Ck1;:::;kn : If k1 D 0; then gm1.x/ WD x: Further, let k1 > 0: As-
sume that f1;:::;1;1.x/ D y1;:::;1; where y1;:::;1;1 is the symmetric reflection of the point x relative to the
hyperplane x1 D 2k1   1: If 2k1   3 D  1; then the process is completed. Let 2k1   3 >  1: Then
f1;:::;1;2.y1;:::;1/ D y1;:::;1;2; where y1;:::;1;2 is the symmetric reflection of the point y1;:::;1 relative to the hyper-
plane x1 D 2k1   3: Further, if 2k1   5 D  1; then the process is completed. If this is not true, then we continue
the process and set f1;:::;1;3.y1;:::;1;2/ D y1;:::;1;3; etc. For finitely many steps m1; we determine the function
gm1 D f1;:::;1;m1 ı : : : ıf1;:::;1;1 such that the image gm1.x/ of the point x lies in the cube C0;k2;k3:::;kn and set
xm1 WD gm1.x/:
Further, if k2 D 0; then gm2.xm1/ D gm1.xm1/: If k2 > 0; then we perform the same operation for the
point xm1 but with respect to the coordinate x2: We set f1;:::;1;2;m1.xm1/ D y1;:::;1;2;m1 ; where y1;:::;1;2;m1 is
the symmetric reflection of the point xm1 relative to the hyperplane x2 D 2k2   1: If 2k2   3 D  1; then the
process is completed. If this is not the case, then the process is continued until we get a mapping gm2.xm1/ D
f1;:::;m2;m1 ı : : : ı f1;:::;2;m1.x/ such that gm2.xm1/ 2 C0;0;k3:::;kn : Then we set gm1Cm2.x/ D gm2 ı gm1.x/;
xm2 WD gm1Cm2.x/; etc. After a certain number of steps m0 D m1 C m2 C : : :C mn; we arrive at a mapping
G0.x/ D gmn ı gmn 1 ı : : : gm2 ı gm1.x/ such that the image xmn of the point x under the mapping G0 lies in
the cube C0;0;0:::;0: The contraction G1.x/ D np
n
x transforms C0;0;0:::;0 into a cube A0 entirely lying in Bn:
Hence, we set G2.x/ WD G1.x/ ıG0.x/:
Note that the point z0 D 1 is an isolated essentially singular point of the mapping G2.x/ and, in addition,
C.G2;1/ D A0  Bn: Then the mapping
g.x/ WD G2 ıG3.x/; (21)
where G3.x/ D xjxj2 ; possesses the isolated essentially singular point x0 D 0 and, moreover,
C.g; 0/  Bn: (22)
According to the construction of the mapping g given by relation (21), it preserves the module of the families
of curves in Rn; i.e., is a 1-mapping in terms of relation (2). Hence, a relation of the form (16) is true at the point
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x0 D 0: It is also clear that g is a discrete mapping. Note that the assertions of Theorems 4, 7, and 8 are not true
and, in particular, by virtue of (22), the Sokhotskii-type theorem is violated because cap
 
Rn n Bn > 0: This is
explained by the fact that g is not an open mapping in Rn n f0g:
Theorem 9 is proved.
The problem of the possibility of omission of the condition of discreteness in the assertions presented above
remains open.
5. Applications to the Sobolev Classes
In the present section, we briefly describe possible applications of open discrete Q-mappings to the Sobolev
classes. This would enable us to conclude that the proposed theory of Q-mappings is indeed of significant interest
and can be regarded as a useful tool in the geometric theory of functions.
Proposition 7. Let f WD ! Rn be an open discrete mapping from the class W 1;nloc .D/ such that
KO.x; f / 2 Ln 1loc and jBf j D 0: Then f is a KI .x; f /-mapping in a sense of relation (2).
Proof. The proof directly follows from Remark 4.10 and Theorem 6.10 in [8].
Thus, all results obtained in the present paper can be automatically used for the indicated Sobolev class.
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